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Abstract 
Serrano, F., Whitney topology and normality, Topology and its Applications 52 (1993) 59-67 
1.1. Guran and M.M. Zarichnyi proved that C(X, Y) with the Whitney topology is not normal 
provided that X and Y are manifolds of positive dimension and X noncompact. We obtain a 
similar result for spaces of continuous functions between more general topological spaces, giving 
in some cases necessary and sufficient conditions for C(X, Y) to be normal. 
Keywords: Box topology; Whitney topology; Discretely pseudonormal space 
AMS (MOS) Subj. Class.: 54C35, 54D15. 
0. Introduction 
If X and Y are topological spaces, then the Whitney topology (or graph 
topology) on the space of continuous functions C(X, Y) has as a base all sets of 
the form (17) = {f~ C(X, Y): Gr(f) c U}, where U is open in XX Y and Gr(f) 
denotes the graph of f [6,8]. C,(X, Y) denotes C(X, Y> with the Whitney 
topology. 
Gut-an and Zarichnyi proved, as a corollary of a stronger result, that C,(X, Y > is 
not normal provided that X and Y are metrizable manifolds of positive dimension 
and X is not compact [4] (see also [9,12]). 
Independently we obtained, by a direct method working on the function space 
itself, the following results: 
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Theorem 0.1 [lo]. Let X be a space with a discrete family {V,: n > 11 of nonempty 
open sets such that every v, is compact metric and VI has a nonisolated point. Then 
C,<X, I) is not normal. 
Corollary 0.2 [lo]. Let X be a nondiscrete locally compact locally metrizable space 
with property D, and let Y be a metrizable space with an arc. The following are 
equivalent: 
(a) C,(X, Y) is metrizable; 
(b) C,( X, Y > is normal; 
(c) X is countably compact. 
It should be noted that metrizable spaces have property D. Then, for nondis- 
Crete metrizable manifolds X and Y, Corollary 0.2 yields the result of [4] already 
mentioned, because for metrizable spaces countable compactness is equivalent to 
compactness. 
The aim of this paper is to improve the preceding results. We use the indirect 
method of giving a closed embedding of van Douwen’s nonnormal space. This was 
the method employed by Guran and Zarichnyi, to whose paper ours is heavily 
indebted. 
1. Notation and terminology 
Our terminology concerning notions from general topology is based on the book 
[3]. That from functional analysis is covered by [2]. 
Hereafter a space means a topological Hausdorff space and a map means a 
continuous function. If X is a space, for sake of simplicity, we will denote by C(X) 
the set of all maps from X to the closed interval Z = [O, 11. If C is a subset of X, 
C(X; C) will be the set of maps in C(X) vanishing at C; C&X; C) stands for 
C(X; C) as a subspace of C,(X). We use P, W”, N for the irrationals, the closed 
halfspace ((xi,. . . , xn> E R”: xi > O}, and the positive integers. As usual o + 1 is 
the space of all ordinals less than or equal to o with the order topology. We 
identify w + 1 with the space (l/n: n 2 1) U IO] c R. If I. I is a norm on a linear 
topological space X, then we denote the subspaces {x EX: I x I < l] and {x E 
X: I x I = 1) by B, and S, respectively. 
If (X,: (Y E A} is a family of spaces, the box topology on nix,: cx E A] has as a 
base all sets of the form n{U,: (Y EA), where U, is open in X, for each CY EA, 171. 
q {X,: (Y EA}, or 
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is countably compact [5]. Therefore, when X is compact and Y metrizable, the 
compact-open, Whitney and uniform topologies agree. In this case C(X, Y) stands 
for the space C(X, Y) with any of these topologies. 
Definition. A manifold with boundary is a space such that each point has a 
neighbourhood homeomorphic to R” or I-4” for some positive integer n. 
Definition [ll]. A space is called discretely pseudononnal if every two disjoint 
closed sets, one of which is countable and both of them are discrete, have disjoint 
neighbourhoods. 
We now state some results which will be used later. 
Theorem 1.1 [ll]. The space P X 0 “(w + 1) is not discretely pseudonormal. 
Theorem 1.2 [2, Ch. VI, Theorem. 5.11. Let X with a norm be an infinite-dimen- 
sional separable Banach space. Then X, B, and S, are homeomorphic to R” (the 
space R” is considered with the product topology). 
Theorem 1.3 [2, Ch. VI, Theorem 6.21. Every closed convex body in an infinite-di- 
mensional Frechet space is homeomolphic to the whole space (a convex body in a 
linear topological space is a convex set with nonempty interior). 
Theorem 1.4 [2, Ch. II, Corollary 7.11. Let u : E + X be a surjective continuous linear 
operator between two Frechet spaces E and X. Then E is homeomorphic to ker 
u xx. 
Lemma 1.5. Let X be a Tychonoff space and B, C two disjoint closed subsets of X, B 
being compact. Then, every map f : B -+ I has an extension to a map F : X -+ I, such 
that F is constant on C. 
2. Normality and discrete pseudonormality of C,( X, Y) 
Let A = o + 1. The space C(A, R) with the supremum norm is an infinite-di- 
mensional separable Banach space. Then, by Theorem 1.2, C(A, RI and C(A) are 
homeomorphic to R”, so both of them contain P = N” as a closed subspace. 
The subspace C&4, A) of CU, A), of all maps from A into itself taking the 
value w at o, is a separable, zero-dimensional, complete metric, nowhere locally 
compact space, so it is homeomorphic to P, [ll. Its subspace 
y= {fEC,(A, A): f(n) Zw if n <w} 
62 F. Serrano 
is a G, because y= n{Y,: n < w}, where 
Y,= {fECC,(A, A): f(m) Zo if m=O, l,..., n}. 
Then $V is a separable, zero-dimensional, completely metrizable, nowhere locally 
compact space, and therefore it is homeomorphic to [14, [l]. 
Lemma 2.1. Let X be a Tychonoff space with a nonisolated point b, having a 
countable neighbourhood base, and let C be a closed subset of X not containing b. 
Then C,(X; C) contains P as a closed subspace. 
Proof. We consider two cases: 
(i) b has a countably compact neighbourhood; 
(ii) b has not any countably compact neighbourhood. 
(i) Let I/ be an open neighbourhood of b, such that v is countably compact 
and does not meet C. Let B c V be a subspace homeomorphic to w + 1, the point 
b being the limit point of B. The closed subspace C(X; X- V) of C,(X; C) is 
homeomorphic to C,(I/; aV), then without loss of generality we may suppose that 
X is countably compact. To prove that C,(X; C) contains [FD as a closed subspace it 
is sufficient to show that C(B) is contained in C&X; C) as a closed subspace. Let 
C(X, R; C) be the set of all real maps on X vanishing at C. Since X is countably 
compact the Whitney topology on C(X, R; C) is induced by the supremum norm 
[5], and with this norm it is an infinite-dimensional Banach space [2]. Then, by 
Theorem 1.3, we get that C&X, R; C) is homeomorphic to C&X; C). We similarly 
get that C(B, R) is homeomorphic to C(B). The inclusion i : B +X induces a 
surjective continuous linear operator i * : C(X, R; C) + C(B, I%), considered as 
Banach spaces, defined by i *( f I= f I B: i * is surjective, by Lemma 1.5; it is well 
known that i* is continuous when both C(X, R; C) and C(B, lR> are considered 
with the compact-open topology, hence i* is continuous because the Whitney 
topology on C(X, R; C) is finer than the compact-open topology and they agree on 
C(B, W). Then, by Theorem 1.4, C&X, R; C) is homeomorphic to ker i* X C(B, R). 
Therefore C,(X; C) is homeomorphic to ker i* x C(B), and contains C(B) as a 
closed subspace. 
(ii) Since X has not any countably compact neighbourhood, there exists a 
countable open base {V,: n z O} of b, such that V, n C = fl, each v,,, is contained 
in V,, and every V, - v,,, contains a countable closed, in X, discrete set 
0, = {x,,: m 2 1). 
For every n z 0, since 0, is closed discrete, there exists an open family 
IV,,: m z 1) separating D,, and such that every V,, is contained in V, - v,, 1, 
and vn, n IJ Vnj: j # m = fl. For every m 2 1, let h,, : v,, + [O, l/m] be a map 
such that h,,(x,,) = l/m and h,,(aV,,) = IO}. For those m 2 1, such that 
aV,, = # we take h,, to be constant to l/m. 
Let X, = V, - V,,,. For every n > 0 we define a map f, : X, + Z in the 
following way. If 3X,, = @, we take f, to be constant to 1. If 3X, # Id, f,, will be 
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zero outside of U{V,,: m > 11, and f, I v,, = h,, for every m > 1; f, is clearly 
continuous on B = U{Vnm: m 2 l}; if x does not belong to B we get that 
f,,(x) = 0, and given any positive integer p, there exists a neighbourhood U of X, 
such that U n v,, = 0 for m = 1,. . . , p. Then f,(U 17x,) c U{h,,(l/,,): m 2 
p + l} c [0, l/p), and f, is continuous at n. 
For every positive integer r, the map f,,, : X, + I will be f,, = f,/r. 
Let us suppose that 3X, # fl for every II > 0; the other case is similar. 
Let C, =X- U{V,,: n > 0, m > 1). Since C(X; C,) is closed in C,( X; C) it is 
sufficient to prove that C,(X; C,) contains $Y as a closed subspace. 
Let Z be the set of all maps g in C(X; C,) such that for every 12 > 0, there 
exists r 2 1, such that the restriction g, = g I X,, = f,,. Let us show that Z, (a) is 
closed in C&X; C,), and (b) is homeomorphic to $Y. 
(a) Let g be a map in C(X; C,) but not in Z. It is clear that if for every n 2 0, 
the restriction g, = g 1 X, is not the zero function, the map g does not belong to 
the closure of Z. Then, suppose that for an II > 0, g, = 0. The open set 
V=((X-Dn)XI)ulJ{(x,,}X[0,1/m2):m>1) 
in X x I, defines an open neighbourhood (V) of g in C,(X), which does not meet 
Z, therefore Z is closed. 
(b) Consider the function A : Z + $’ defined by h(g)(w) = w, and for II < w, 
A(g)(n) = r, where r verifies that g, = f,,. It is easy to see that A is a homeomor- 
phism of Z onto A(Z), and that A(Z) is homeomorphic to y. So the proof is 
finished. q 
When X is zero-dimensional at a nonisolated point we obtain 
Lemma 2.2. If X is a space with a nonisolated point having a countable clopen 
neighbourhood base, then C,(X, A) contains P as a closed subspace. 
Proof. Let IV,: n > 0) be a countable nested clopen base of a nonisolated point b. 
Let X, = V, - V,,,. Without loss of generality we may suppose that V, =X and 
only two cases: 
(i) X is countably compact, 
(ii) every X,, is not countably compact. 
(i) It is sufficient to show that the closed subspace Z = If E C(X, A): f(b) = o 
and f is constant on every X,} of C&X, A) is homeomorphic to C,(A, A). As X 
is countably compact the Whitney topology on C(X, A) is given by the supremum 
metric. Then, the function A : Z + C,(A, A), defined by A(f)(w) = w, and for 
every n < w, A(f)(n) = f(X,>, is a homeomorphism. 
(ii) Let Z be as in (i). It is sufficient to show that the closed subspace 
c = {f EZ: f(x) = o -x = b} is homeomorphic to y. 
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First of all, let us show that C is closed in Z. Suppose f~ Z such that 
f(XJ = (0) for some n. Let D = {x m: m z 1) be a countable closed discrete set in 
X,. The open set 
U= ((X-D) XA) U U{{x,} X [m, w]: m 2 I} CXXA 
defines an open neighbourhood (U > n Z of f which does not meet C. So C is 
closed. 
Now it is easy to see that the function A: C +y/, defined as in case (i), is a 
homeomorphism. •I 
Lemma If X is Tychonoff first countable not countably compact space, then 
C,(X) contains “(w 1) as a closed subspace. 
Proof. D {x,: 1) be a countable closed in X and let 
n 1) be D. v, 
n u { V,: #n) = for n 1. If E C(X), will denote restriction f v, 
by For every 2 1, {V$ m 01 be countable open of x, 
%il+1 = c V,, let f,,, V, -+ l/(n + be a such that 
= l/(n m>, and = 0 x not V,,,; for m 2 such that = I, 
take f,, to be to l/(m n) on and zero the zero 
on v, be denoted f,,,. It readily seen If,, m: = 0, . . w} 
is closed subspace C,(v,; aV,); it is to o 1. 
Let =X- U{V,: > 1). C(X; C> closed in to prove 
lemma it sufficient to that the Z = E C(X; Vn > 3m G 
such that = f,,,} C&X; C) is closed, (b) is to 
cl + 1). 
consider that + 1)” the underlying of 0 + 1). 
Let g a map C(X; C) in Z; means that an n 1, and 
m <w # f,,,. Then there exists an open set W in v, X I such that Gr(g,) c W 
and Gr(f,,,) c W, for every m G w. The open set 
u=wu((x-V~)XZ)CXXZ 
verifies that g E (U > and (U > n Z = 6, therefore Z is closed. 
(b) If g belongs to Z, then for every n 2 1 there exists an m, < w such that 
g, =fnm . Let us show that the function A: Z -+ 0 “(w + 1) defined by A(g)(n) = 
m,, is a “homeomorphism. 
(i> It is evident that A is injective. 
(ii> A is onto. If h E (w + l)“, the real function g on X such that f vanishes 
on C9 and g, =fn+) for every n > 1, will belong to Z if it is continuous. Since it 
is clear that g is continuous on B = lJ{v,: n 2 11, suppose x not in B. For any 
positive integer p, let U be a neighbourhood of x, such that U does not meet any 
of the c, i = 1 , . . . ,p. We get g(U) c 10, fP+l,O(xP+l)l c [O, l/p), then g is contin- 
uous at x. By construction A(g) = h, so A is surjective. 
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(iii) A is continuous. Let g be in Z, and let U = n(Z,: n > 1) be a neighbour- 
hood of h(g) in 0 “‘(0 + 1). We can suppose that if m, = h(g)(n) = w, then Z,, is 
an interval (I,, 01. The open set 
lV=((X-D)xz)uU{{x,)xU,:n>,l}cXxz 
where 
I 
(l/n + I, 11, if m, = 0, 
U,= (l/(n+m,+l),l/(n+m,-l)), ifO<m,<w, 
CO, l/(n + rJ>, if m,=o 
defines an open neighbourhood (IV) of g in C,(X) such that A((W > n Z) c U. 
Then A is continuous. 
(iv) Finally, let us see that A - ’ is continuous. Let g be in Z and let W be an 
open set in XX Z containing Gr(g). We look for an open neighbourhood U = 
I-IIZ,: n 2 1) of A(f) in 0 O(o + 1) such that A-‘(U) c (W) n Z. For each of the 
n 2 1 such that A(g)(n) < w we take Z,, = (A(g)(n)}. If for some n 2 1, A(g)(n) = w, 
this means that g, = 0, then there exists a positive integer r,, such that v&, X 
[O, l/(n + r,)) c W. Then, for each of those n z 1 such that A(g)(n) = w, we take 
Z, = (r,, w]. It is easy to see that the open set U contructed in this way verifies that 
A -‘(U) c ( W) n Z, so A-’ is continuous. 0 
Remark. If M is a closed subset disjoint from D, the open V, can be taken disjoint 
from M, then C(X; C,) is closed in C&X; M) and we get that C&X; M) contains 
P’ as a closed subspace. 
As a corollary we have 
Lemma 2.4, Zf X is a zero-dimensional first countable not countably compact space, 
then C&X, A) contains •I 90 + 1) as a closed subspace. 
It should be noted that Lemmas 2.3 and 2.4 remain true if first countable is 
replaced by locally compact. We only need to take: 
(i) instead of the open base IV, m: m > O} of x,, two open neighbourhoods W,, 
W,’ of x,, with w,, w,’ compact and w,, c W,’ c w,’ c V,. Now the maps f,, : v, + 
[0, l/(n + m)] will take the value l/(n + m) on w, and zero outside W,. If 
aw,=!& f,, will be zero outside W,; 
(ii) in section (b), part (iv) instead of v,,,, we put wn’. 
Theorem 2.5. Zf X is a nondiscrete first countable Tychonoff space, and Y is 
metrizable and contains an arc, then the following are equivalent: 
(a) CJX, Y) is metrizable; 
(b) C,(X, Y) is discretely pseudonormal; 
(c) X is countably compact. 
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Proof. It remains only to prove (b) j cc> for the case Y = I. Suppose X is not 
countably compact. Let D = {x,: IZ 2 1) be a countable closed discrete set in X, 
and let x0 be a nonisolated point not in D. Then there exist two open sets U and 
I/ such that x0 E U, D c I/ and u f’ v= @. The closed subspace of C,(X) of all 
maps vanishing outside of U u V is homeomorphic to C,(u; 87) x 
q “‘(or 
+ 1) is contained in C,(X) as a closed subspace, and by Theorem 1.1, C,(X) is not 
discretely pseudonormal. 0 
Corollary 2.6. If X is a manifold with boundary, and Y contains an arc, then 
C&X, Y) is discretely pseudonormal only if X is countably compact. 
Theorem 2.7. Let X be a nondiscrete zero-dimensional first countable space, and let Y 
be a nondiscrete metrizable space. Then the following are equivalent: 
(a> C&X, Y) is metrizable; 
(b) C,( X, Y) is discretely pseudonormal; 
cc> X is countably compact. 
Proof. It is similar to the proof of Theorem 2.5. 0 
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